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1. INTRODUCTION 



The covariant form of classical dynamics [1] and [2] provides an elegant method for analyzing problems 
in relativistic particle dynamics. This is briefly described, and the corresponding covariant quantum formu- 
lation is presented. The method of analyzing potential problems in both the classical and the quantum case 
is given. Among the new results that follow from this analysis are the resolution of the ambiguity associated 
with the interpretation of probability density for the Klein-Gordon equation, a new equation of continuity for 
this case, and a similar equation for the Dirac equation. Also a representation of the covariant four- velocity 
operator is given. Since the covariant Hamiltonian operator is quadratic in four-momentum in the scalar 
case and linear in the spinor case, this four-velocity operator is unambiguously defined, and it is related to 
the corresponding classical quantities through the expectation values of the quantum operator. In addition, 
an exact quantum solution is found for the relativistic motion of a spin zero particle in a uniform field. The 
method can be easily extended to more complicated examples. 

The Lorenz invariant parameter that is relevant for dynamical development in classical covariant me- 
chanics is proper distance s, proper time times the speed of light, and the invariant parameter that charac- 
terizes the rest energy of a particle is its mass. These quantities have a fundamental quantum nature, and 
quantum distributions are associated with them. The relation of the c-number values of these quantities, 
which appear in the quantum and classical equations, to associated operators is described. The evolution of 
quantum states with respect to the parameters s is investigated. 

The covariant free particle Green's function is derived, and it is shown how it provides a description 
of the evolution of initial quantum states. It is seen how an initial Gaussian state, in which the space-time 
coordinates are treated on an equal footing, spreads with respect to the proper time evolution parameter 
about the classical covariant path. Furthermore, the evolution of completely localized and completely delo- 
calized initial states is discussed. It is interesting to observe how closely the covariant relativistic quantum 
results parallel the corresponding non-relativistic quantum results. 

The covariant Schrodinger type equation describes the evolution of the quantum state for a massive scalar 
particle or spinor particle. The probability densities for observables are found from the quantum amplitudes 
associated with these states. The notion of the symmetric bracket defined on the space of quantum amplitudes 
is introduced, and it is shown how it is related to the covariant Schrodinger type equation. This results in 
the invariance of this bracket with respect to an one parameter transformation induced by a generator, which 
is bilinear in the quantum amplitudes. The coefficients of these amplitudes are the matrix elements of the 
covariant Hamiltonian that appears in either the scalar or the spinor covariant Schrodinger type equation. It 
is shown how this generator plays the role of an Hamiltonian on a generalized phase space formed from the 
real and imaginary parts of these amplitudes. The Hamiltonian flow generated on this space corresponds to 
the quantum state evolution provided by the covariant Schrodinger type equation. 

The conventions used for four- vector, spinors, and Dirac gamma matrices are those of [3] with h = c = 1. 
The space-time contravariant coordinate four-vector is defined as q 11 = (q°, q 1 , q 2 , q 3 ) — (ct, x, y, z), and the 
dimcnsionlcss form is found by dividing the components with the fundamental units of length q s . The Einstein 
summation convention is used throughout, and the covariant components ax6 found from — Qy,v 

q v , with the 

non-zero components of the metric tensor given by (goo, flli, #22, 533) = (1, — 1, — lj —1)- The scalar product 
of two four- vectors is q ■ p = q^p^, and the space-time measure is ds = \fdq ■ dq. The four- velocity is defined 
as = dq^/ds, and u^u^ = 1. The four-momentum for a free particle is p^ — mu^ = (p°,p) = (7m, 7/3m), 



The square root of the space-time measure can be found in another way, which leads to the linear 
representation of the relativistic wave equation found by Dirac. This method is based on the introduction 
of the four matrices 7^, [ji = 0, 1, 2, 3), which satisfy the relation 




7 M 7" + 7V = 25"" J. 



(1.1) 



In this way the space-time measure has the representation dfi = 7 • dq, and ds 2 = dfi ■ dfi = dq ■ dq. 
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2. C O VARIANT ACTION AND C O VARIANT CLASSICAL DYNAMICS 

The covariant classical methods, which are necessary for the development of covariant quantum theory, 
are described here. The covariant action is defined as 



/ 



C(q,u)ds, (2.1) 



where C(q,u) is a Lorentz invariant. The requirement that the action be an extrcmum under a variation 
leads to the covariant Euler-Lagrange equation 

JUL pir 

%--|fl = 0. (2.2) 
ds dqf* v ' 

The covariant Lagrangian for a particle of mass m and charge e interacting with a four-vector field 
A»{q) is 

C=—u 2 -eA-u, (2.3) 



and the generalized four-momentum is 



dC 



where d u = d/dq v . Since 

the equation of motion becomes 
with 



The equation of motion is found from Eq. (2.2) to be 

^l^4'« = 0, (2.5) 
ds 

^M=u»d„A,(q), (2.6) 

ma ll = eu v F Vft , (2.7) 

a » = ^> F vll = d v A tl -d ll A v . (2.8) 

From the covariant Lagrangian Eq. (2.3), the covariant Hamiltonian is defined as 

H=p-u-C. (2.9) 

Since = (p^ + eA^/m, a simple calculation gives 

(p + eAf {muf m 
H= 2m = ^T = y (2J0) 

From Eq. (2.9) and 

— -— u+— a (2 11) 

ds dq du 

it follows that 

dU [dp dC\ ( dC\ n 

-ds-={£-8-q)- U -{ p -^)- a = °> ^ 
which is a consequence of Eq. (2.2). In addition 

dn dn m 
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with f v = dp v /ds, and this implies the Hamilton equations 



U M = 1^ U = —SZL- ( 2 - 14 ) 



These equations and the covariant Hamiltonian Eq. (2.10) give 

«M = = (P + ^)„/m, (2.15) 

U = -^ = -«"^eA v . (2.16) 

f li = ma li -e^, (2.17) 

which with Eq. (2.6) and Eq. (2.16) results in the equation of motion Eq. (2.7). 

For real functions F(q,p, s) and G(q,p, s) of q v , p v , and s, the Poisson bracket is defined as 

{F, G} = dF ■ dG — dG ■ dF, (2.18) 

with <9 M = d/dqt* and <9 M — d/dp^. Since 

= = s;, (2.i9) 



and 



From Eq. (2.15) it follows that 



one finds 
From 

and Eq. (2.14), it follows that 



{«",p"} = <r. (2-20) 
dF OF dF OF /nn ^ 

dF 8F 

The dynamical equations that are equivalent to Hamilton's equations Eq. (2.14) are 

u ll = {q„,H} /„ = {?„,«} (2.23) 

The Hamiltonian is the generator for a one parameter transformation that leaves the Poisson bracket 
invariant. This is seen from 

±{q (af ,„(,)"} = {^f,p( s y } + {q ( S r , ^f} = 0, (2.24) 

which follows from the dynamical equations Eq. (2.23) and the Jacobi identity for the Poisson bracket. This 
leads to the conclusion that 

{q (sf ,p(s) V } = {q (Of ,P(0) V } = <T . (2.25) 

To illustrate the use of the covariant classical dynamical equations, examples are given that are to be 
compared with the corresponding covariant quantum solutions. These are associated with a vector potential 
of the form = (A , A) = (— V(q),0). From the covariant Hamiltonian Eq. (2.10) and the dynamical 
equations Eq. (2.14) or Eq. (2.23), it follows that 

u° = (p° + A ) /m f = {p + A) ° d Ao = 0; (2.26) 

m 



hence, p° = E, a constant, and 
since u° = dq°/ds = 7. Also 

and 



E = ™ 7 + V (q) , (2.27) 

f = {J> + A) diAo = -u°diV (q) (2.28) 
m 



dq° 



= -W(g). (2.29) 



For a free particle with V(q) — 0, one finds E — 7m, and p = jmf3. 

For a particle in a uniform field with potential V(z) = —Kz, the dynamical equations give 

*£ = (p°-V(z))/m, ^=0, p°=E, (2.30) 

and 

M ME -V, 2 ))2KM. (Ml) 
ds m ds oz 

Since p 3 = mz(dq° / ds) — mz(E — V(z))/m, the invariant Hamiltonian becomes 

(E-V(z)) 2 (l-z 2 ) =m 2 . (2.32) 

For z(0) = £(0) = 0, the solution is 



Additional related relativistic particle dynamics is found in [4], and applications of covariant dynamics in 
curvilinear coordinates to betatron physics may be found in [5] and [6]. Related concepts of covariant 
dynamics have been used also in the development of relativistic wave equations [7] and covariant quantum 
field theory [8]. 



3. COVARIANT QUANTUM MECHANICS AND SYMMETRIC BRACKET 
INVARIANCE 

It is the objective of this paper to establish a quantum theory that corresponds to the covariant classical 
theory described above, where the dynamical parameter is proper time s. As a starting point, the scalar 
case is considered, and the extension to the spinor case is given later. This state is normalized to unity, a 
Lorentz invariant, and for the probability interpretation of quantum theory, it is to remain normalized to 
this value for changes in the value of the parameter s. This is represented as 

(*(«)!*(*)) = <* (0)|* (0)) = 1, (3.1) 

and this requires the state *(s) to be related to the original state 'S(O) by either a unitary or antiunitary 
transformation [9] and [10]. It is well known that the antiunitary transformation is associated with the 
TCP theorem [3], and the norm preserving transformation associated with conservation of probability is 
unitary. The proper time developed state is induced by a one parameter unitary transformation U(s) such 
that 

|tt (*)> = £(*) I* (0)>. (3.2) 
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The product of two such transformations is of the form 

U(si)U(s 2 ) = U(si+s 2 ), (3.3) 

with 

U{s) = e~ isil , (3.4) 

where H is an Hermitian operator. The differential representation of Eq. (3.1) is the covariant Schrodinger 
type equation 

,0|tt(s)> 



ds 



= H\V(s)). (3.5) 



Under a Lorentz transformation, the state ^(s)) changes according to |\&'(s)) = A((3)\&(s)), where A(/3) is a 
scalar representation of the Lorentz group, and j3 is a dimensionless velocity vector. Under this transformation 
the norm is invariant and so is the form of Eq. (3.5). 

The spinor case requires some modifications of the above discussion. A general spinor state |^(0)) has 
associated with it a conjugate state found from the adjoint state and represented as 

(*(0)| = <*(0)|7°, (3-6) 

where 7 is the time component Dirac matrix. In this case the scalar product is normalized to unity according 
to 

<*(*)|* (*)) = <* (0)1* (0)) = 1. (3.7) 
This scalar product is a Lorentz invariant when the states transform according to 

|tt'(*)>= A (£) I* (*)) (9'(a)\ = (9(8)\A- 1 (p), (3.8) 

where A(/3) is a spinor representation of the Lorentz group, and 

A- 1 (/?) = 7 °A (/?) 7 °. (3.9) 

The evolution of the spinor state |*(0)) is generated by the transformation U(s), which has the inverse 

U-Hs) -7°L> t (s) 7 °, (3.10) 

which preserves the scalar product Eq. (3.7). 

For the scalar state case, an eigenstate in the rest system of a particle of mass m is represented by |Aj), 
where A represents a set of observables associated with measurements of the state. The general state of the 
particle is expanded at s = in terms of these states, and the evolution of the state is generated by U(s). 
Introducing the identity operator, it is found that 

|* (*)) = J|* (*)) = ]T lAiXAil* (a)) = J> (s) (3.11) 

i i 

where 

o< (s) = (Ai|* (a)) = (Xi\U (s) I* (0)). (3.12) 
Differentiating with respect to s, it is found that 

.da* (s) ,, , .. 

els 

= ^(A i |W|A j )(A j |*( S )) 
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^n ijaj (s), (3.13) 



where Hij = (\i\H\Xj). 

It is now shown that this equation leads to invariance of the symmetric bracket defined on the space of 
complex quantum amplitudes a*. For real functions U(a,i,a*) and V(a,i,a*), the symmetric bracket is defined 
as 

The complex coefficients en and a* satisfy in the discrete case, the conditions 

{ai,aj}+ = {a*,a*j}+ = 0, {a i; a^}+ = 5 ii-7 -, (3.15) 
and in the continuum case these become 

{ax,ax>}+ = {a* x ,a* x ,} + = 0, {a x , a* x ,}+ = S (A - A') , (3.16) 

with 

(3-17) 

and its complex conjugate. Introducing the real function defined from the Hermitian matrix Hij 

9 (*) = E a i (s)H ijaj (s), (3.18) 

i 

it follows that 

.daj (s) <9g(s) 

«— 7— = in (s),g(s)}+ = 



ds i-w^wj-f 9a * (s) 

.da* (s) . . . . . 9o(s) .„ „„. 

(3 - i9) 

Defining a, = £^(0), the symmetric bracket invariance follows from 

{a, (ds) , a* (ds)}+ = {a,, a*}+ + O (ds 2 ) ~ %. (3.20) 

Following the methods of [11], the iteration of Eq. (3.19) shows that the development of a(0) is generated 
by the operator V(s) defined in 

a t (s) =V(s) ai (0) = e is5 +a 4 (0), 

which can be used to show that 

(s) , a* (s)}+ = {ai, a*} + = % . (3.21) 

In the definition of V(s), the operator 5+ = {g(0), }+ has the properties 

S + a, = {g(0),a l } + , S 2 +ai = {g (0) , {g (0) , *}+}+, etc. (3.22) 

The invariance of this bracket can be viewed as a principle, which leads to first and second quantization. 
This is discussed in detail in [11]. 

It is interesting to note that the equations for the development of ai(s), Eq. (3.19), are equivalent to 
generalized Hamilton's equations on a space where the real and imaginary parts of the amplitude dj(s) = 
(A i |5'(s)) behave like phase space coordinates. To show this, the coordinates Qi(s) and P,(s) are defined as 

Q l (s)= (H{s)+ r anS \ P l (s)= ads) -; :{S) . (3.23) 
V2 iy/2 
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From the Eq. (3.19), one can derive the Hamilton's equations for these coordinates, 

dQ, (a) = 8g (a) dP t (a) _ gg (a) 
da 9Pi(s)' da 9Qi(s)' 



(3.24) 



where g(a) plays the role of the Hamiltonian on the space of these coordinates. This function takes a simple 
form if the matrix elements are diagonal, Hij = (\i)Sij, and it becomes 

g (a) = ]T X t \ ai (a) | 2 = £ A.fc^L. (3.25) 

i i 

It must be emphasized, that the Hamiltonian flow induced by this generator is not associated with the dynam- 
ics of ordinary phase space characterized by observable position coordinates qi and observable conjugate mo- 
mentum coordinates Pi, but it is the dynamical flow on the space of quantum amplitudes, a^(a) = (Ai|\&(s)), 
which are not observables. The Hamiltonian flow generated by Eq. (3.18) is equivalent to the covariant 
Schrodinger type equation Eq. (3.5), and it is the form of Eq. (3.18) and Eq. (3.19) that accounts for the 
linearity of this equation. Furthermore, the form of the generator in Eq. (3.25) that leaves the symmetric 
bracket invariant implies the probability interpretation of quantum theory, where |ai(a)| 2 is the probability 
to observe the eigenvalue Aj . The modification of the above discussion to include the spinor case is straight- 
forward, and it follows from the properties associated with the conjugate state Eq. (3.6) and the scalar 
product Eq. (3.7). 



4. COVARIANT SCHRODINGER TYPE WAVE EQUATION 

The Schrodinger type equation in covariant form for the scalar case with wave function 

= <?!*(*)>> (4.1) 



is 



i^J^ =**(«,*). (4.2) 



Using a separable solution \I/(a, q) = ip(s)$(q), this equation becomes 



ip(s) $ (q) 

For ip(s) oc exp(—ims/2), one finds 



A = -^-y-r— • (4.3) 



77? 

^(g)= o„ *(g) = y*(g). ( 4 - 4 ) 



with p^ = ?<9 M . For the free particle case, = 0, 



2m 


■$(«) = - 


= 0, 




_ (Pf 


1 2 
□ . 


2m 


2m ' 


d 2 


d 2 


2 q° 


d 2 q 1 



(4.5) 

zm an 

with 

□ 2 = — V 2 = — — (A 6) 

Q2 q V Q2 q Q Q2 q l Q2 q 2 Q2 q 3 \ 

Potential problems can be included using the vector potential = (— V(q), 0, 0, 0), and the equation for 
<&(<?) becomes 

- V (q)) 2 + V 2 ) $ (g) = m 2 $ (<?) . (4.7) 
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The time dependence is this equation is separable, and the solution takes the form 

*(q)<xe- iEt <f>(x,v,z). (4.8) 

This gives 

((£ - V (x, y, z)f + V 2 ) 4> (x, y, z) = m 2 4> (x, y, z) . (4.9) 
In the one dimensional case, this becomes 

(E-V {z)f 4> (z) = (z) - (4.10) 
The non-rclativistic limit is found from 



which is equivalent to 

<P<j>(z) 



and this becomes 

(E - V (z)) VW) « mVW) (l - J^/tz^ + • • •) ' (4J2) 

2 +2m(E-m-V(z))<t>(z). (4.13) 

This is the usual time-indcpcndcnt Schrodinger equation; however, the eigenvalues E — m contain the rest 
mass of the particle. The rest mass should be retained in the non-relativistic limit because in the free particle 
case the phase of the wave function is a Lorentz invariant, Et — p-q = ins. Furthermore, the operator p° is a 
generator for displacement of the time coordinate q°; however, in this theory, it is not associated with a phase 
space Hamiltonian operator through a time dependent Schrodinger equation. In this way, time and energy 
are not conjugate coordinates expressible in terms of phase space operators, and an uncertainty relation of 
the type described in Appendix A is not possible. A related comment can be found in [12]. 

The equation of continuity for a free scalar particle follows from the covariant Schrodinger type equation. 
From Eq. (4.2) and the fact that H is Hermitian, one can form 

r (g, s) + V (<?, s) l dr ^ s) = ^ (q, s ) (q, s) - V (q, s) Hip* (q, s) , (4.14) 

and this can be written as 

i^^--p^(q,s) = 0, (4.15) 

with 

p(q,8)=p(q,a)1>(q,8), (4.16) 

and 

3» (q, s) = ^ (V* (q, s) (q, s) - j> (q, s) p^* (q, s)) . (4.17) 

Here p(q, s) represents the probability density in the four- vector representation, and j M (q, s) is associated 
with the charge density current [13]. The normalization condition (^ r (s)|^'(s)) = 1 requires 



/ 



d 4 qp(q,s) = l. (4.18) 



For this theory, the probability density is positive definite, and this removes the historical problem associated 
with finding a suitable probability density for the Klein-Gordon equation. 
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5. FREE PARTICLE GREEN'S FUNCTION 

The evolution of a free particle quantum state is determined from the the free particle Green's function. 
The Green's function for the covariant scalar quantum state |^(s)) is defined as 

g (q, q', s) =0(s)G (q, q' , s) = 9 (s) (q\U- s %'), (5.1) 
where 9(s) is the Heaviside function, and it satisfies the equation 



(i§- s -H^g(q,q',s) = 6(3)6* (q-q r ), 



(5.2) 



and the condition 

\img(q,q',s) = 6 4 (q-q'). (5.3) 
Following the method of Dirac [14] , it can be obtained from the classical covariant action as 

g( q , q >,s) = 9( S )A(s)e lS (™'- s ). (5.4) 

For the free particle covariant Hamiltonian H = p-p/(2m), the solutions to the classical equations of motion 
are 

q^ (s) - q" 1 (s) = sp M (s) /ra, and p M (s) = constant, (5.5) 
and the covariant classical action becomes 

^ / / x f mdq dq , m(q — q') ■ (q — q') . . 

s ^ *> ^ = J Yd! ■ js = L - • ^ 

The Green's function that satisfies Eq. (5.2) and Eq. (5.3) is 

9 (?, q\ s) = (s) (J^j ' ^ ~^~ x 'T T] . (5.7) 

This evolution function can be used to find the wave function tp(q, s) from the initial state tp(q, 0) using 

4>(q,s) = J G(q,q',s)4>(q',0) d 4 q'. (5.8) 
Three cases of free particle motion are considered: 

case 1: The initial particle is localized in space-time, with wave function 

ij(q,0) = 6(q O )6(q 1 )6(q 2 )6(q 3 ) 7 (5.9) 

and the evolved wave function is 

= (yQ^\ift[WM*) 2 -(y) a -(*) a ]. (5 . 10) 
case 2: The initial particle is delocalized in space-time, with wave function 

V> («. 0) = ^2 e"*-« = e-^o ^™, (5.11) 



and the evolved wave function is 



</, (g jS ) = _L e -ip-q e i{-V°P°+P-p)s/(2m)_ (5 ^) 

Air 2 
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case 3: The initial particle is described by Gaussian distributions, with initial state wave function 



W)= , 1 ^ - ip(oyq 

xe -(« ) 2 /(^) e -( g 1 ) 2 /(4a?) (5-13) 



xe -(, 2 ) 2 /(4. 2 2 ) e -( 9 3 ) 2 /(4<,3 2 ), 



and the evolved wave function is 



with 



V («, «) = e"-" 1 ^ (0) , *) Vi -p 1 (0) , -a) 

X ^ 2 (g 2 , -p 2 (0) , - S ) ^ 3 (q 3 , -p 3 (0) , -«) , 



1 (g"-p"(0)s) 2 . 

W (0),s) = — — — ?e " 



(5.14) 



(2^( S )) 1 " (5.15) 



where 
and where 



0> (s) = cr M cr (s) = (7^1 + S 2 , 



(5.16) 



p^ P »/5( P n 

s — > s/(5 (s) 

<J(g")*(p") = ft 
<5(a)5(p^) - ma5(0 

5(g") = >/2<v 

This is the free particle motion, which is to be compared with the classical motion resulting from Eq. (2.30) 
and Eq. (2.31). 

Each of these solutions can be confirmed to be a solution of the covariant Schrodinger type equation 
Eq. (4.2). In addition each is a solution to the equation of continuity Eq. (4.15). The normalization condition 
Eq. (4.18) is satisfied by the wave function Eq. (5.14). The wave function Eq. (5.9) must be viewed as the 
limit as — > in Eq. (5.13). However; Eq. (5.11) satisfies the condition for delta function normalization. 
The function ip*(q,—s) are also solutions to the covariant Schrodinger type equation and the equation of 
continuity. They represent the solutions obtained from the initial functions above with p — > —p. This is seen 
from the complex conjugation of the covariant Schrodinger type equation followed by s — > — s. Also for the 
free particle Green's function 

g(q,q',s) =g*(q,q'-s), (5.17) 

and 

r (q, s) = J 9* (q, q', -s) ^ (q' , 0) d\. (5.18) 

The appropriate wave functions to associate with the classical limits of a quantum theory are found 
from the minimum uncertainty states. For the spatial coordinates, these states are found from the eigenvalue 
equation 

a>\a>) = & + ^ |a J ) = a j \a j ), (5.19) 
v2 

for j = 1, 2 or 3 with a 3 = (qi (0) + ip> (0)) / \/2 and [q 1 ,^] — iSij. The normalized wave functions that satisfy 
this equation are 
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( g <| <) = J_ e V(0) 9 *-( 9 '- 9 '(0)) 2 /2^ 
7T 1 / 4 

For the time component, the coordinate and momentum space commutation relations are 



q ,i 



dq° 



P 



dp 



= i. 



The momentum space minimum uncertainty state is found from 

S0|6°) = ^±^V)=foV), 
with 6° = (p°(0) + ^°(0))/V2, and the wave function is 



rV4 l 



^»p -(p°-f>») 2 /2 



The coordinate space function is found from 

(q°\b°)= I dp (q \p )(p°\b ), 



with (q°\p°) = (l/\/2~7r) exp(— ip a q a ), and it becomes 



<g°|6°> 



-ip>)(g -9 (0))-(9 -<I (0)) 2 /2 



(5.20) 



(5.21) 



(5.22) 



(5.23) 



(5.24) 



(5.25) 



The momentum space functions associated with the coordinate space functions are found from the complex 
conjugate of Eq. (5.20) and the replacement q <-> p. The uncertainty for an operator Q is defined with 
respect to the state \ip) as 



o (Q) - yJy>\(Q-Q) 2 W), 



(5.26) 



with Q = {ij)\Q\ip), and, for the minimum uncertainty states, they have the value a(q^) = a(p^) = It 
is these states that are used for the initial state wave functions that appear in Eq. (5.13), which are found 
with the coordinate replacements Eq. (5.16). 

The classical representations of the parameters m and s are 



m 



/p ■ p, and s 
The Poisson bracket of these quantities has the value 



{m,s} = = 1, 

sm 



Iq ■ q. 



(5.27) 



(5.28) 



and this suggest that there could be a corresponding commutation relation for the operators associated with 
m(p) and s(q). However, the spectrum of m must be positive, and as shown in Appendix A this is not 
possible if [m, s] = i. 
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6. PARTICLE IN AN EXTERNAL FIELD 

To illustrate the method of solution for Eq. (4.7), I consider the relativistic motion of a particle in an 
external field with potential A°(z) = — V(z) = Kz. This is the covariant quantum analogue to the classical 
example given in Eq. (2.32). The equation for $(z) becomes 

(E + kz) 2 <P{z) + ^{z)=m 2 ${z). (6.1) 

Using the substitutions 

1 m ^ 

t=—(E + kz), A = - — , (6.2) 

one finds the parabolic cylindrical equation [15] 

^ + (£ 2 + A)^H0, (6.3) 
0(O=£>_i^[±(l + iK], (6-4) 

P+l P- 1 

D P [(l + iH] = ~^T~~p\ r^ if A t X + 1) Zz dx > ( 6 - 5 ) 
where for [REp < 0; RE if > 0], 

(6.6) 



r(i T £) V 2' 2' 2 y r(-§) 

and where W\. t _ l (z) are Whittaker functions, and <j>(a, 7;x) are confluent hypergeometric functions. The 
eigenvalue spectrum for the energy is continuous, and in the non-relativistic limit the wave functions become 
Airy functions. 



7. COVARIANT FERMION CASE 

A similar analysis can be done for the case of spin 1/2 particles. The covariant Hamiltonian associated 
with the classical equations is 

= (W+e4 (#) = ( eA) W>> {7l) 
2m ^ 'f 2m K ' 

where \u) is a spinor and (u\ = {u\-f° with normalization (u\u) = 2^Jp ■ p. For scalar products and matrix 
elements with spinors, an average is made over helicity states. Hamilton's equations for this case give 

dq^ = &H = (u\^\u) 
ds dpp 2m 

dpv_ _ _dn_ deK (u\Y\u) _ deA-u 
ds dq^ dq^ 2m dq^ 

and this gives Eq. (2.5). 
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The covariant wave equation associated with this case is 



ds 

and the Hamiltonian is 



(iP+e4)\iP(s))=HW(s)), (7.4) 



H= 0> +e4) = 7 °7it 7 o. (7.5) 
The state \ip(s)) is generated from |^(0)) using 

\i>( S )) = U( S )\^(0)) = e- is ^(0)) (7.6) 

&( S )\ = &(0)\U(-s) = (iP(0)\e is *, (7.7) 

such that 

U(-a) =7°L> t (s) 7 and (s)\ip (a)) = 1. (7.8) 
In the ^-representation, the probability density for the four-vector g is given by 

p(«,*) = $(*)|g><g|V(*)>, (7-9) 

which is normalized such that 

p (q, s) d 4 q = $ (s)|V («)) = $ (O)l?/- 1 (a) E/ (*) |V (0)) 
= (^(0)|^(0)) = 1. 



(7.10) 



Pre- multiplying the covariant equation Eq. (7.4) for (q\ip(s)) by (^(s)|g), and post-multiplying the matrix 
transformed complex conjugate of Eq. (7.4) by 7°(<z|V'( s )) gives, when the second resulting equation is 
subtracted from the first, the equation of continuity 

dp (q, s) _ dj 1 * (q, s) 

8s ~ 8q^ ' [ ' 

where the current density is 

r(q,s) = (iP( S )\q}r(q\i>(s)). (7.12) 
Upon integration over the four-volume d 4 q, one finds from Eq. (7.11) 

d J p(q,s)d 4 q _ f dj^ (q,s) 



ds 



where dS^ is an element of three dimensional hypersurface orthogonal to the direction p. This is the 
statement of conservation of charge. As an example, I consider the free particle case when the spinor state 
is expanded in four-momentum p and helicity A states such that 



A 

and the wave function in the q representation is 



\i> (-)> =Y) [ U{s)a x (p) KP ' A)) ^ P) d 4 p 

Vi y/(u(p,\)\ U (p,\)) 



(7.14) 



(M (-)> - E / e-*^e-*« 77===k 7^ - ^ 
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This leads to the density function 
P (V, s) = 

EE / rf V / d 4 pai(p')a x (p)e- l <^-V^) e -<P-p'y<i 



A A' 

(u(p',X')\u(p,X)) 



(7.16) 



y/(U (p>, X')\U ( P ', X'))y/(ii (p, X)\ U (p, A)) 

and the charge current density becomes 



or 



r(q,s)^eJ2 I l a A (p) | 2 —d 4 p. (7.18) 



8. PARAMETER VALUES AND NORMALIZATION 

The parameters m and s that appear in the covariant evolution equations Eq. (3.5), and in the classical 
equations are associated with quantum operators. This association is described for the mass parameter, and 
the corresponding relation for the proper time parameter s may be found is a similar manner. For the spin 
zero scalar case, the quantum state for a free particle may be expanded in terms of the four-momentum 
eigenstates as 

= / a p (s) \p)d 4 p, (8.1) 



and the scalar product is 

1 = <*(*)!*(*)> = J M0)| 2 dV (8.2) 
The mass parameter m is found from 



m 2 



(* (s)\p ■ p|* (*)) = J \a p (0) \ 2 p ■ pd 4 p. (8.3) 
For the spin 1/2 case, the spinor state is 

-iFr^rrm *» (8 - 4) 

x J V(u(p,X)\u(p,X)) 
where \u(p, A)) is a spinor that is normalized such that 

(0 (±p, X)\u (±p, A)) = ±2 V^P, (8.5) 

and satisfies the condition 

(u(±p,A)| 7 >(±P,A))=2p' t . (8.6) 

The scalar product in this case is 

<*(«)|* (*)> = £ / \a x (p)\ 2 d 4 p=l. (8.7) 
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The mean value of the operator p is 

(* 00111*00) 
<*!*> 



/ \ a ^(p)\ 2 vp~p d ' l p- 



In general, the moments of the operators 7t! may be evaluated, and these can be used to construct the 
associated characteristic function. The distributions associated with this operator can be found from the 
Fourier transforms of the characteristic function. For example, the characteristic function for the operator 
H is 

$(a)H*( S )|e M %(,s)), (8-9) 



p(m/2,s) = -=l e- lam ' 2 ^{a)da. (8.10) 

V27T 



and the distribution of to/2 is 



This shows the quantum nature of the mass distribution, which in principle can be measured. For example, 
measurements of the particle speed of an ensemble of identical free particles with identical initial conditions 
can be made. Since the magnitude of the three momentum and energy are related by the relation |p| = [3E, 
the value of m 2 can be determined with an independent measurement of either \p\ or E. For a neutral 
particle, E can be found from an impact; however, for a charged particle, |p| can be found from its curvature 
in a magnetic field. For an ensemble of free particles, measurements of s 2 can be made from the observation 
of the distance traveled by a free particle in time t and the measurement of the distance q° = ct traveled by 
light in the same time. 



9. FOUR- VELOCITY AND FOUR- ACCELERATION OPERATORS 



The observed values of four- velocity are associated with the four- velocity operator = i[<p,W]. These 
values are found in the scalar case, with H given by Eq. (4.4), from the expectation value 



and in the spinor case from 



dq» 
ds 



dq» 



(*!*) 



(* {s)\i 



q»,H 



1*00) 



ds (5<|5<) 
where H is given by Eq. (7.5). In the free particle case, these both become 



TO 



when the phase space operators satisfy the quantum bracket condition 



-tg" 



(9.1) 



(9.2) 



(9.3) 



(9.4) 



The usual velocity vectors are found from dq l /dq°. It is clear that the operators associated with four- velocity 
are unambiguously defined, and that the matrix elements in Eq. (9.1) and Eq. (9.2) give the predicted 
observed mean values for four- velocity. The operator Tt is either linear or quadratic in p 11 , and it does not 
involve the square root of the scalar product of the three momentum operator. This is a clear advantage 
over the non-covariant forms in [16] and [17] proposed to represent the velocity operator. 
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From the four-velocity operator, one can also obtain the quantum equations that correspond to the 
classical equations of motion for a point particle of mass m interacting with a four-vector potential. For the 
scalar case, the four- velocity operator u" = (p" + eA^)/m satisfies the commutation relation 

1 f 

= (9.5) 

and the four-acceleration operator is found from 

o" = i [u",w] , (9.6) 

which gives 

ma» + !<* (s)\ {F^u v + u v F» v ) |* («)), (9.7) 
which is to be compared with Eq. (2.7). For the spinor case with interaction, 

(§( 3 )| 7 "|tt( a )) 
(*|tf> 

and 



_ (^(s)\i[p"J +e4] \V(s)) 
ds ~ (*|#) 

This becomes 



(9.8) 



(9.9) 



ds + (*|tf> ' 19 Uj 

which is to be compared with Eq. (2.5). It is important to note that consistency of these equations with the 
classical results depends upon the commutation relation Eq. (9.4), and this justifies its introduction. 



10. CONCLUSIONS 



We have seen that the covariant formulation of quantum mechanics provides representations that include 
both the scalar and spinor description of particle states. It gives a clear connection of the covariant quantum 
description with classical covariant particle dynamics. The covariant free particle Green's function describes 
the evolution of initial states in terms of the proper time parameter s, and it is seen how the initial Gaussian 
state propagates with spreading width with respect to the classical covariant path. In addition, it gives 
an acceptable representation of the probability density in both the scalar and spinor representations, and it 
produces a new set of equations of continuity, which show the connection between probability density, charge 
density, and current density. The solution of potential problems also follows from this formulation. This 
permits the description of practical relativistic quantum effects, which are the relativistic generalization of 
standard non-relativistic quantum situations. Also in the covariant formulation, the representation of the 
four- velocity and the four-acceleration operators is unambiguous, and one can clearly see how these operators 
are associated with observed values. 

The properties of quantum amplitudes are shown to be associated with an Hamiltonian formulation, 
which acts on the space of these amplitudes. This leads to the notion of invariance of the symmetric 
bracket, which is defined on this space. This invariance and the associated Hamiltonian formulation are 
a consequence of the covariant Schrodinger type equation. This provides a subtle connection between the 
probability interpretation of quantum theory and the evolution of quantum states. It is shown in [11] how 
the the non-covariant form of this symmetric bracket invariance leads to second quantization for fermion 
and boson states. 
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A. MINIMUM UNCERTAINTY PRINCIPLE 



For the Hermitian operators A and B that satisfy the commutation relation [A, B] = i, one defines the 
deviation operators A(A) and A(B) where A(Q) = Q-Q, with Q = (i>\Q\i/>}. It follows that [A(A),A(B)\ = 
i. Introducing the operator 

„ A + iXB 

a = —fT> (A1) 

(^|A t (a)A(a)|?A) >0 (A2) 



for real A, the inner product inequality 



becomes 



\ i Yr 2{A) - 1 (A3) 

A 2^ (B) ) + a 2 (B) ~ 4a 4 (B) ' 1 j 



where cr(<5) is defined in Eq. (5.26). This equation implies 

<j(A)a{B)> 1 -. (A4) 

If equality is satisfied in Eq. (A2) and Eq. (A4), then A = 1/(2ct 2 (_B). The quantum state closest to the 
classical result has <r(A) = a(B), and this implies A = 1. These conditions imply 

A(o)|a>=0, (A5) 

where \a) is the well known coherent state, which is generated from the vacuum state |0) with the displacement 
operator 

\a) =D(a)\0) =e( aat - a * a )|0>. (A6) 

If A and B are Hermitian and satisfy the commutation relation [A, B] = i, then the spectrum of B is 
in general both positive and negative and unbounded in the B representation where B\B) = B\B). This is 
seen from 

U (A) BW (A) U (A) \B) = BU (A) \B), (A7) 

which become 

BU (A) \B) = (B + 4>)U (A) \B), (A8) 
where U(A) = exp(i<f>A) , with — oo < <p < oo. A similar result is found for the A representation. 



